Diffractometer Rotation Matrix

Here the rotation matrices for the Contents
diffractometer are given, based on Euler x
rotation matrices.

Rotation matrices y
B Matrix

Orientation Matrix

Beam & Detector Orientation

The full sample rotation is an intrinsic
rotation about the following axes:

1. mu right-handed rotation about x Lab Coordinate System <

2. eta left-handed rotation about z' Symbolic form X-ray beam

3. chiright-handed rotation about y" Python Module

4. phi left-handed rotation about z"™

Useful links
Rotations of a vector are made by pre-
multiplying a column-vector: ® https://en.wikipedia.org/wiki
. /Rotation_matrix#General_rotations
cos(p) sin(@) 0) (x X' ® https://en.wikipedia.org/wiki
R.v=|-sin(¢) cos(¢p) Of.[y|=]|) /Euler_angles
0 0 1 z z ® https://doi.org/10.1107

/S0021889899001223
® https://diffcalc.readthedocs.io/en
/latest/youmanual.html
® Matrix calculator (Wolfram Alpha)
® Matrix calculator (Maxima)

Rotation matrices

Rotation mu about the x-axis (right handed):

1 0 0
M=|0 cos(u) —sin(u))
0 sin(u)  cos(u))

Rotation Eta about the z' axis (left handed):
cos(n) sin(y) O
E=|—sin(y) cos(n) 0
0 0 1
Rotation Chi about the y" axis (right handed):

cos(y) O sin(y)
C= 0 1 0

—sin(y) 0 cos(y)
Rotation Phi about the z" axis (left handed):

cos(¢p) sin(¢p) O
P =| —sin(¢p) cos(¢p) 0
0 0 1

To multiply a vector, combine the matrices left-to-right (intrinsic):

vV =M.E.C.P.v

B Matrix

The B matrix can be used to transform a reflection (h,k,l) into a cartesian basis in units of inverse angstroms

qx by by cos(f3) b3 cos(B2) h
gy |=| 0 basin(f3) —bssin(fr)cos(ar) |-| k
qz 0 0 1/03 1

Where q;, o; and b;, p; are the lattice parameters in real and reciprocal space, respectively.

Orientation Matrix

The Orientation matrix, U is used to define the sample coordinate system and transforms the B matrix into the diffractometer coordinate system.

The full orientation can then be determined by combining all the matrices:

4x h
[qy ] = MU(u). ETA(y). CHI(y). PHI($).U. B. [ k]
qZ l

Beam & Detector Orientation


https://en.wikipedia.org/wiki/Rotation_matrix#General_rotations
https://en.wikipedia.org/wiki/Rotation_matrix#General_rotations
https://en.wikipedia.org/wiki/Euler_angles
https://en.wikipedia.org/wiki/Euler_angles
https://doi.org/10.1107/S0021889899001223
https://doi.org/10.1107/S0021889899001223
https://diffcalc.readthedocs.io/en/latest/youmanual.html
https://diffcalc.readthedocs.io/en/latest/youmanual.html
https://www.wolframalpha.com/
https://sourceforge.net/projects/maxima/

In the diffractometer frame, the beam is directed along the y axis:

k =2n/A

-

Delta rotates anti-clockwise about the z-axis and gamma rotates clockwise abut the x-axis, with orientation matrices:

cos(6) sin(6) O
A=|—sin@) cos@) 0

0 0 1

1 0 0
F=|0 cos(y) —sin®))
0 sin(y) cos(y))

The scattered wavevector is therefore:
0 sin(6)
Ef =kAT| 1 |=k cos(y) cos(8)
0 sin(y) cos(6)

We can then index any detector angle in (h,k,l) using the UB matrix:

h
[k] = (B ' (MECH % - %)
I

- Diffractometer configuration: .
Lab Coordinate System kappa =-134.7 deg i
k-theta=-34.2 deg
. . . phi=-122deg
To transform the vector into the lab coordinate system, an additional c Phi-axis
transformation must be made:
lab, 0 0 1 di f fractometer, :
luby =1 0 ol. diffractometery .—---------'-----------m_
lab., 1 0 di f fractometer, (Hiar;:zn::l,& Beam direction
coaxial with beam)
Sample X (Horizontal &
perpendicular to beam)
Di d v
C;a—:':'i‘nate system Y {Vartical
Phi-axis
-_------nl.'--------n-ln_
Beam direction
(Horizontal)
X (Horizontal)
Symbolic form
Made in Maxima
1 0 0 cos(n) sin(n) 0 cos(x) 0 sin(y){ cos(e) sin(e) O
0 cos(y) —sin(gl|-sin(n) cos(n) 0 0 1 0 -sin{@) cos(p) 0
0 sin{y) cos(y) 0 0 Afl=sin(x) 0 cos(y)fl 0 0 1]
cos(n)cos(@)cos(y )-sin{n)sin{e) cos(n)sin(g)cos(y )+sin(n)cos(p) cos(n)sin(y)
sin(u)cos(@)sin(y )+cos(y)(-sin(n)cos(g)cos(y )-cos(n)sin{e)) sin(y)sin{e)sin(y)+cos(y)(cos(n)cos(g@)-sin(n)sin{e)cos(y)) -sin{n)cos(y)sin(y}-sin(v)cos
sin{u)(—sin{n)cos{g)cos(y )—cos(n)sin(g))—cos(y)cosi{e)sin(y) sin(yg)(cos(n)cos(g)-sin{n)sin{e)cos(y))-cos{u)sin(g)sin(y) cos(y)cos(y)-sin(n)sin(y)sin{

Python Module

Diffractometer rotations



Pyt hon nodul e: Diffractoneter Rotations

Based on definitions set by:
Busing & Levy Acta Cryst. 22, 457 (1967)
H. You, J. Appl. Cryst. 32 (1999), 614-623

By Dan Porter
Bearm i ne 116, Di anond Light Source Ltd
August 2023

i nport nunpy as np

def bmatrix(a, b=None, c=None, al pha=90., beta=90., gamua=90.):
Cal culate the B natrix as defined in Busing&L.evy Acta Cyst. 22, 457 (1967)
Creates a matrix to transform (hkl) into a cartesian basis:
(ax,qy,qz)" = B.(h,k, 1)’ (where ' indicates a columm vector)

The B matrix is related to the reciprocal basis vectors:
(astar, bstar, cstar) =2 * np.pi * B. T
Where cstar is defined along the z axis

:parama: lattice paraneter a in Anstrons

:paramb: lattice paraneter b in Anstrons

:paramc: lattice paraneter ¢ in Anstroms

:param al pha: lattice angle al pha in degrees

:param beta: lattice angle beta in degrees

:param gammu: |attice angle ganmma in degrees

creturns: [3x3] array B matrix in inverse-Angstrons (no 2pi)

if bis None:
b =a

if ¢ is None:
c=a

al phal = np. deg2rad(al pha)
al pha2 = np. deg2rad(bet a)
al pha3 = np. deg2r ad( ganms)

betal = np.arccos( (np.cos(al pha2)*np.cos(al pha3)-np.cos(al phal))/(np.sin(al pha2)*np.sin(al pha3)))
beta2 = np.arccos( (np.cos(al phal)*np.cos(al pha3)-np.cos(al pha2))/(np.sin(al phal)*np.sin(al pha3)))
beta3 = np.arccos( (np.cos(al phal)*np. cos(al pha2)-np.cos(al pha3))/(np.sin(al phal)*np.sin(al pha2)))

bl =1/ (a * np.sin(al pha2) * np.sin(beta3))
b2 =1/ (b * np.sin(al pha3) * np.sin(betal))
b3 =1/ (c * np.sin(al phal) * np.sin(beta2))

cl = bl * b2 * np.cos(beta3)
c2 = bl * b3 * np.cos(beta2)
c3 = b2 * b3 * np.cos(betal)

bm = np.array([
[bl, b2 * np.cos(beta3), b3 * np.cos(beta2)],
[0, b2 * np.sin(beta3), -b3 * np.sin(beta2)*np.cos(al phal)],
[0, 0, 1/c]

D

return bm

def rotmatrix_z(phi):
Generate diffractoneter rotation matri x about z-axis (right handed)
Equi val ent to YAWin the Tai n-Bryan convention
Equi valent to -phi, -eta, -delta in You et al. diffractonmeter convention (left handed)
:param phi: float angle in degrees
creturn: [3*3] array
phi = np. deg2rad(phi)
¢ = np.cos(phi)
s = np.sin(phi)
return np.array([[c, -s, O], [s, ¢, 0], [0, O, 1]1)

def rotmatrix_y(chi):



Generate diffractoneter rotation matrix chi about y-axis (right handed)
Equi valent to PITCH in the Tai n-Bryan convention

Equi valent to chi in You et al. diffractonmeter convention (right handed)
:param chi: float angle in degrees

creturn: [3*3] array

chi = np.deg2rad(chi)

c = np.cos(chi)

s = np.sin(chi)

return np.array([[c, O, s], [O, 1, O], [-s, O, c]])

def rotmatrix_x(nu):
Generate diffractoneter rotation matri x mu about x-axis (right handed)
Equi val ent to ROLL in the Tain-Bryan convention
Equivalent to nu in You et al. diffractoneter convention (right handed)
:param nu: float angle in degrees
creturn: [3*3] array
mu = np. deg2r ad( nu)
c = np.cos(mnmu)
s = np.sin(nmu)
return np.array([[1, O, 0], [O, ¢, -s], [O, s, c]])

def rotmatrix_intrinsic(al pha, beta, gamm):

a rotation whose yaw, pitch, and roll angles are , and , respectively.

More formally, it is an intrinsic rotation whose Tait-Bryan angles are , , , about axes z, y, X,
respectively.

https://en.w ki pedi a. org/w ki /Rotation_matri x#General _rotations

:param al pha: float yaw angle in degrees

:param beta: float pitch angle in degrees

:param gamu: float gammma angl e in degrees

ireturn: [3*3] array

al pha = np. deg2rad(al pha)

beta = np. deg2rad(beta)

gamma = np. deg2r ad( ganma)

ca = np.cos(al pha)

sa = np. sin(al pha)

cb = np.cos(beta)

sb = np. sin(beta)

cg = np.cos(gamm)

sg = np. sin(gamm)

return np.array([[ca*ch, ca*sb*sg - sa*cg, ca*sb*cg + sa*sg], [sa*cb, sa*sb*sg + ca*cg, sa*sb*cg-
ca*sg], [-sb, cb*sg, cb*cg]])

def rotmatrix_diffractonmeter(phi, chi, eta, mu):
an intrinsic rotation using You et al. 4S+2D diffractoneter
Z = MJ.ETA.CH . PH
:param phi: float |eft-handed rotation about z angl e in degrees
:param chi: float right-handed rotation about y'' angle in degrees
:parameta: float |eft-handed rotation about z' angle in degrees
:param nu: float right-handed rotation about x angle in degrees
creturn: [3*3] array

phi = np. deg2rad(phi)

chi = np.deg2rad(chi)

eta np. deg2rad( et a)

mu = np. deg2r ad( nu)

cp = np.cos(phi)

sp = np. sin(phi)

cc = np.cos(chi)

sc = np.sin(chi)

ce = np.cos(eta)

se = np.sin(eta)

cm = np.cos(nu)

sm = np. sin(nmu)

return np.array([[ce*cp*cc-se*sp, ce*sp*cc+se*cp, ce*sc], [snFcp*sc+cnf(-se*cp*cc-ce*sp),
snFsp*sc+cnt(ce*cp-se*sp*cc), -se*cnfFsc-snfcc], [snF(-se*cp*cc-ce*sp)-cnfcp*sc, snf(ce*cp-se*sp*cc)-
cn¥sp*sc, cntcc-se*sntsc]])



def diffractoneter(vec, phi, chi, eta, nu)

Performan intrinsic rotation using You et al. 4S+2D diffractoneter
mu right-handed rotation about x
eta |l eft-handed rotation about z
chi right-handed rotati on about y'
phi left-handed rotation about z''

Z = MJ. ETA. CH . PH

Angl es in degrees

vec nust be 1D or colum vector (3*n)

:paramvec: [3*n] vector in the sanple frame

:param phi: float angle in degrees, left handed roation about z''

:param chi: float angle in degrees, right handed rotati on about y'

:parameta: float angle in degrees, left handed rotation about z

:param nu: float angle in degrees, right handed rotati on about x

creturn: [3*n] vector in the diffractoneter frame

r = np.dot(rotmatrix_x(mu), np.dot(rotmatrix_z(-eta), np.dot(rotmatrix_y(chi), rotmatrix_z(-phi))))
return np.dot(r, vec)

def detector_wavevector(delta, gamma, wavel ength)
Cal cul ate wavevector in diffractoneter axis using detector angles
:paramdelta: float angle in degrees in vertical direction (about diff-z)
:param gamma: float angle in degrees in horizontal direction (about diff-x)
: param wavel ength: float wavel ength in A
:return: [1*3] wavevector position in A-1 == kf - ki

k =2 * np.pi / wavel ength

delta = np. deg2rad(delta)

gamma = np. deg2r ad( gamma)

sd = np.sin(delta)

cd = np.cos(delta)

sg = np. si n(gamm)

cg = np.cos(gamm)

return k * np.array([sd, c¢d * cg - 1, cd * sg])

def diffractoneter2hkl (ub, phi=0, chi=0, eta=0, nu=0, delta=0, ganmma=0, wavel ength=1.0)

Return [h,k,I] position of diffractoneter axes with given UB and wavel ength

:paramub: [3*3] array UB orientation matrix followi ng Busing & Levy

:param phi: float sanple angle in degrees

:param chi: float sanple angle in degrees

:parameta: float sanple angle in degrees

:param nu: float sanple angle in degrees

:paramdelta: float detector angle in degrees

:param gamma: float detector angle in degrees

: param wavel ength: float wavel ength in A

creturn: [h,k, 1]

q detector _wavevector (delta, gamm, wavelength) # You Q (12)

z = np.dot(rotmatrix_x(nmu), np.dot(rotmatrix_z(-eta), np.dot(rotmatrix_y(chi), rotmatrix_z(-phi))))
# You Z (13)

inv_ub = np.linalg.inv(ub)
inv_z = np.linalg.inv(z)

hphi = np.dot(inv_z, q)
return np.dot (inv_ub, hphi). T

if __name__ =="'__main__
# Test functions

b =2* np.pi * bnatrix(a=2.85, ¢=10.8, gammua=120.)
u = np.eye(3)

ub = np.dot (u, b)

wavel ength = 12.3984 / 8 # energy in keV, wavel ength in Angstrons

# cal cualte expected two-theta



d_space = 10.8 / 6 # (0,0,6)
tth = 2 * np.rad2deg(np. arcsi n(wavel ength / (2 * d_space))) # deg

# (006) vertical geonetry
v_hkl = diffractoneter2hkl (

ub=ub,

phi =0,

chi =90,

eta=tth / 2,

mu=0,

delta=tth,

gamma=0,

wavel engt h=wavel engt h
)
# Horizontal geonetry
h_hkl = diffractoneter2hkl (

ub=ub,

phi =0,

chi =0,

et a=0,

mu=tth/2,

del t a=0,

gamma=tth,

wavel engt h=wavel engt h

)

np. set _printoptions(precision=4, suppress=True, |inew dth=200)
print('Wavel ength: % 3f A % wavel engt h)

print(' Two-Theta: % 3f Deg' % tth)

print(' Vertical geometry hkl: %' %v_hkl)

print(' Horizontal geonetry hkl: %' % h_hkl)
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